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Abstract. This study investigates the stability of coupled transverse vibrations of a beam with
hysteresis-type elastic—dissipative characteristics and dynamic absorbers under harmonic excitation.
The conditions for stability are expressed analytically depending on the system parameters, and the
results of numerical analysis along with corresponding conclusions are presented. In particular, the
variation of stability conditions depending on the elastic elements of the dynamic absorbers, as well
as the changes in the stability conditions of steady-state vibrations of the considered system, are
analyzed.

Introduction. A considerable number of scientific studies have been devoted to the problem of
reducing vibrations of distributed-parameter systems using dynamic absorbers. In the work [1], the
vibrations of a beam and a dynamic absorber attached to it were investigated. It was shown that,
depending on the system parameters, the frequency may take values lower than, greater than, or
equal to the partial frequency of the dynamic absorber. In the work [2], the coupled vibrations of a
beam with two dynamic absorbers symmetrically positioned with respect to its ends were studied
experimentally, and a comparative analysis of their oscillatory behavior was carried out.

It is well known that the investigation of vibrations of distributed-parameter mechanical systems
coupled with dynamic absorbers possessing nonlinear elastic—dissipative characteristics represents
a rather complex problem due to a number of factors. These factors significantly influence the nature
of the system’s vibrations. The governing equations of motion of such systems are nonlinear
differential equations, and their solution requires the application of special mathematical methods.
In the works [3,4], problems of nonlinear vibrations of a beam with installed dynamic absorbers
under harmonic excitation were considered, taking into account hysteresis-type elastic—dissipative
characteristics. The solutions were obtained in the form of transfer functions. In addition, the
dynamics of nonlinear vibrations [5,6] and their stability properties [7,8] have also been
investigated.

Based on these studies, the analysis of beam vibrations and their suppression processes remains a

relevant and important problem.
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In the present paper, the stability of steady-state vibrations of a beam equipped with two dynamic
absorbers is considered. Their motion is described by the differential equations presented in the
work [9].

To solve the problem, the method of expanding the transverse vibrations of the beam into a series
of mode shapes is employed. This approach is convenient for optimizing the parameters of dynamic
absorbers for different types of beam vibrations under various boundary conditions, particularly
when repeated computation of the amplitude—frequency characteristics of the system is required.
The results of the works [9,10] indicate that if the damping decrement of the elastic—damping
material of the dynamic absorber is sufficiently large, the nonlinearity of the internal resistance
characteristics of the beam material does not significantly affect the beam vibrations or the
determination of optimal parameters of the dynamic absorber. Therefore, it is assumed that the
energy dissipation within the beam material follows the hypothesis of E.S. Sorokin [11]. A beam of
length I, width b, and height h is rigidly attached to a vibrating base whose motion is specified along

the Oz axis. Dynamic absorbers are installed at points with coordinates x; and x_ along the beam
(Fig. 1).
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Fig. 1. A beam with installed dynamic absorbers

Materials and Methods. First, it is possible to drive the differential equations of motion for the
coupled transverse vibrations of a beam with hysteresis-type elastic—dissipative characteristics and
dynamic absorbers [4].
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where M is the bending moment; p, F represent the density and cross-sectional area of the beam,
respectively; W is the displacement of the beam; Wg is the displacement of the base;
w(x;), w(x,) are the displacements of the points where the dynamic absorbers are attached;
C1, Cy are the stiftness coefficients of the elastic elements of the dynamic absorbers; m,, m, are
the masses of the dynamic absorbers; {7, {, denote the displacements of the dynamic absorbers

relative to the beam; 6 (x — x1), 6 (x — X5) are Dirac delta functions; X1, X, are the locations

where the dynamic absorbers are installed.
Ry =14 (=v1 +jv2)[Do + f(C1o0)];
Ry =1+ (=11 + jn2)[Eo + 9($200)]- 2
j? = —1;v4,v,,14, 1, are coefficients determined depending on the dissipative properties of the

materials. f ({1,), 9({2y) represent the logarithmic decrements of the vibrations [13, 14].
f((lOT) = Z DK1 10T; (3)

g(cZOT) = Z EKZ 20’1" (4)

Dy, Dy, ..., Dy, Eg, Ey, ..., Ey are parameters dependent on the material properties of the elastic
elements of the dynamic absorbers and are determined experimentally [6].
The relationship between the normal stress gy and the relative strain &, can be expressed as
follows [5]:

ON = E[1 +j77c]€nis; (5)
where E is the elastic modulus of the beam material; 7. is the damping coefficient, which is

determined depending on the dissipative properties of the material.
For the relative strain (5), we write the following expression:
2
W

Ems = ox PR (6)

where Z is the axis directed along the cross-section of the beam. Let’s calculate the bending

moment acting on the beam’s cross-section [14].

2

M =2b [ "2 6,2dz = 2bE[1 +jnc f/z 24z =EJ[1+jn12% ()

bh3 . N . .
where | = =7 'S the second moment of area (area moment of inertia); b is the width of the beam,

and h is the height of the beam.
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Substituting the obtained expression for the bending moment into the first equation of system (1),
we obtain the following system of differential equations:

- 0tw 0w
EJ[1+jn.] B + PFF —¢1R16;(x — x1)¢; — R385 (x — x3)0;

=—pF =5
2 2 2
m1%+m1%+ 1Ry = —my %} (8)
92w (x,) 92¢, 9%wo
2" Tt 5t C,R,(, = —m, PR
In solving the system of equations (8), it is possible to assume the displacement of the beam in the

following form:
w(x, t) = Xizq i () qi (0). ©)
where g;(t) is a function of time; U; (x) is the mode shape (natural vibration form) of the beam,

which satisfies the following equation:

4,
EJ 25t — pFp?u; = 0, (10)

ox*
where p; is the natural frequency of the beam.

Substituting solution (9) into the system of equations (8) and taking into account relation (10), after
performing the transformations, it is possible to obtain:

Gi + (L + jno)piqi — Papoiniuin RiGy — taploiN3Uip Ry o = —d;Wy;
u;1G; + 6.1 + n%R151 = —Wy; (11)
UjpqG; + 52 + nngfz = —W.

_ma, . _me 1 g da gl = (L2, _
P =i = Hoi = di_d_zirdli_fouidx;dzi_fouidx' m, = pFl

is the mass of the beam.

For harmonic excitation, the base acceleration is taken in the following form:
Wy =wycoswt,

where Wy, is the amplitude of the base acceleration and o is the frequency.

The transfer functions of system (11) are determined in the following form:
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B,(w) + jBy(w)

WD = "B+ B ™
L B@ 4B

$1(jw) = _B3(w) B, (@) Wo;

oy = EA@) HIEa(@).

B3 (@) + jBa(@)
where
Bi(w) = d;jw* — [Tynf(1 —v;Np) + Ton3(1 — 6,N,)]w? +
+niniT5[(1 = vy N)(1 = 6,N;) — v,0, N, N, ];
By(w) = —[Tinfv,N; + Ton30,N;]w? + nin3Ts5[(1 — v N,)6,N, +
+(1 = 0,N3)v,Nq];
B3(®) = —w® + [pf + niTe(1 —v1N;) + n3T,(1 — 6;N,)]w* —
—{nfp? (1 — viNy — ncvyNp) + n5p? (1 — 6;N, — 1.6,N,) +
+niniTg[(1 — vy N (1 = 61N;) — v,6, N, N, JJw? +
+nin3[(1 —vyN)(1 = 0;N;) — v,6,N, N, —
—Nc(1 = viN;1)O; Ny — (1 — 0:Nz) v, N, |;
By(w) = [nepf + niTev, Ny + n5T;0,N;]w* —

—{nip?n.(1 —viNy) +v,Ny] +

+15p7 [N:(1 — 01N;) + 6,N,] + niniTg[(1 — viNy)O,N, +

+(1 = 0:N)v, N1 JJw? + ning[(1 — vi N, N, + (1 — 6,N;)v, N, +
+1c (1 — v N ) (1 — 0,N;) — nev20; NN, |;

Bs(w) = (1 — djuy)w* — [pf + Tyn3(1 — 6;:N,)]w? +

+n5pf[1 — (6; +1:0;)N,];

Bg(w) = —(Mcpi + n3T40,Np)w? + n3pt[0,N, +nc(1— 6;N,)];
B;(w) = (1 — djup)w* — [pf + Tsnf (1 — viN;)]w? +

+nipf[1 — (vi + nev2)Ny];

Bg(w) = —(ncpf + n2TsvoNy)w? + n2pf[vyNy + 1. (1 — v Np];
Ty = d; + poit Uiz Tp = di + poiptauin; Ts = di + po; (g + pauyz);
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Ty = 1+ poipoutip (Ui — Usp) — Ui di; Ts = 1+ poipia Ui (Wi — Usp) — Ugpd;
To = 1+ pospauis; Ty = 1+ poipauly; Tg = 1+ poi(uaufy + poud);

Let’s seek the solutions of the obtained system of differential equations of motion (11) in the

following form:
q; = a; cos(wt + a;);
{1 = by cos(wt + S7); (12)
{, = b, cos(wt + B,),

where a;, @;, b1, B1, b, B are slowly varying amplitude and phase functions [7].

By calculating the corresponding derivatives of the solutions (12), substituting them into the system

of differential equations of motion (11), and taking into account the expression for the base
acceleration, it is possible to obtain a system of equations in normal form corresponding to the
system of differential equations of motion (11).

. 1 b [
a; = — > [—d;wy sina; + ncpizai — H1MoiNi U1 b Hy — phoploin5 Ui by sing,|;
_ 1
@ =—3 [—diw0 cos a; + (w — P; )al + p1Hoinfwi b Hy
wa;

+ Hz#otnguizbZCOS‘Pz]i

. 1 .
b, = 2w [_(1 — diui)wo sin By + n%(l + A“LuOiuizl)VZNlbl — uya;p; Hs

2 : .
+ Hz#otnzuuuizbzsmﬁ%]:

(13)
31 = -

1
2wb, [—(1 — d;ju;;)wg cos 31 + ( — nl(l + Ui o U 11)(1 V1N1)) b,

2 2 )
+uja;piHy — Hz#oinzuilui2b2003<ﬁ3] ;

52 = - % [—(1 = dyu;)wy sin B, — uizaipiZHs - H1H0in%ui1ui2b15in<ﬂ3]}

. 1
bo=—5— [_(1 — diuiz)wg cos B + (“) -n3(1+ “2“01”‘12)) by + una;p; He
2

2
— U HoiNT U U by COS‘P3]»
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H, = (1 —v{N;)sin¢@, +Vv,N; cos ¢,; H, = (1 —v{N;) cos ¢; — v,N; sin @, ;
H; = 1. cos @y —sing,; Hy =1, singy + cos @y ; Hs =1, €0S @ — sing,;
He =1ncsing, +cos@y.¢1 = P1 —a;, 92 = B — a;, 93 = P2 — P1.
To investigate the stability of the system’s stationary vibrations, we use Lyapunov’s first

approximation method [12,13]. From the system of equations (13), using Lagrange’s variational

method, we obtain the following characteristic equation.

16 + A1/15 + A2/14 + A3&3 + A4AZ + Asl + A6 = O, (14)

where A is the characteristic value; A1, A,, Az, Ay, As, Ag are coefficients that depend on the

system parameters.

The Hurwitz criterion takes the following form:
A; >0, AA, —A; >0, —A§A4 + A AA; + AAs — A% > 0,

A:zlA2A6 - A%Ai - AIA%AS + A1A2A3A4 - A1A3A6 + 2A1A4A5
+A,AzAs — A2A, — A% > 0,

—A3AZ + 2A3A,AA, + AZAZALA, — AZASA. — A ASAZ —
_A1A2A§A6 + A1A2A3A4A5 - 3A1A3A5A6 + 2A1A4A§ -
—A,AZAZ + A3SA, — A2ALA — A >0, (15)

(—A3AZ + 2A3A,AcA, + AZAZAA, — A2A%A, — A AZAZ —
_A1A2A§A6 + A1A2A3A4A5 1 3A1A3A5A6 + 2A1A4A% +

+A,A;AZ + ASA, — AZALA; — AY)A, > 0.

Numerical calculations and results. For the numerical analysis, we consider a beam made of 40X

grade steel with the following dimensions:
[ =25-10"?>m;b =10"2m; h = 21073 m, the mechanical damping coefficient is

1. = 0.85; the masses and coordinates of the dynamic absorbers are: m; = m, =

0.0027335 kg; x, = § X, = Z;l The coefficients [15-18]:

v,N; = 817684.6 - aZ, — 1.920207 - 1012 - g%, + 1.556859 - 1018 - ¢5,.
The graphs of the coefficients 4;-4s, depending on the variation of the stiffness of the elastic

elements of the dynamic absorbers, are presented below.
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Figure 2. Graphs of the coefficients Ai;-As as functions of the variation in the stiffness of the
elastic elements of the dynamic absorbers.
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As can be seen from Fig. 2, when the stiffness ¢; = ¢, = 600 increases from 600 to

1500 N/m, the final coefficients remain positive in the range where the stiffness is approximately

up to 1000 N/m. After that, they decrease and become negative. This indicates the possibility of the

occurrence of unstable vibrations in the system [19-22].

Now, let us examine how these coefficients vary depending on the mass ratios #: and #-.
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Figure 3. Graphs of the coefficients 41-4s as functions of the variation in the mass ratios of the
dynamic absorbers to the beam.
As shown in Fig. 3, the variation of these coefficients is illustrated. The presented graphs correspond
to the following values:
L, = 1, =0.04(red), 0.07 (green), 0.12 (blue), and 0.18 (yellow).

From the graphs, it can be observed that the initial coefficients take positive values in almost all
cases, whereas the subsequent coefficients attain negative values around p=0.12. This indicates the
possibility of the existence of unstable solutions in the system.

Conclusion. In this study, the stability of the amplitudes of stationary harmonic vibrations of a beam
equipped with dynamic absorbers having hysteresis-type elastic—dissipative characteristics was
investigated. The stability conditions were determined in analytical form and analyzed based on
numerical calculations. The parameter ranges of the system corresponding to stable and unstable

motions were identified.
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